We present a method based on augmenting an exact relation between a frequency dependent diffusion constant and the imaginary time velocity autocorrelation function, combined with the maximum entropy numerical analytic continuation approach to study transport properties in quantum liquids. The method is applied to the case of liquid para-hydrogen at two thermodynamic state points: a liquid near the triple points, and a high temperature liquid. Good agreement for the self-diffusion constant and for the real time velocity autocorrelation function is obtained in comparison to experimental measurements and other theoretical predictions.
I. INTRODUCTION
One of the major goals and perhaps the most challenging problem in computational statistical mechanics is the simulation of quantum dynamics in condensed phases. In principle, the density matrix formalism provides all the tools necessary to study equilibrium and time-dependent properties of any chemical system. In practice, however, the exact solution of the time-dependent quantum Wigner-Liouville equation is possible for a very limited class of simple systems, and the numerical solution for a general many-body system is not possible due to the well known phase cancellation problem (the sign problem).
This has led to a variety of different techniques to include the effects of quantum fluctuations on the dynamic response of the system. One of the viable alternatives to the exact quantum mechanical solution is the use of techniques that are "semiclassical" in nature, namely the dynamic response is obtained with the aid of classical trajectories [1] . While such techniques appear promising, technical issues have prevented their use in describing dynamics in realistic quantum liquids.
Another class of methods that has been used with success in a variety of problems involves sophisticated numerical analytical continuation of exact imaginarytime path integral Monte Carlo data [2, 3] . These methods have been applied to a variety of condensed phase problems, including the dynamics of an excess electron solvated in water [4] , helium and xenon [5] , vibrational relaxation [6, 7] , optical spectroscopy [6] [7] [8] , adiabatic reaction dynamics [9, 10] , dynamics in various quantum lattice models [11, 12] , and density fluctuations in superfluid helium [13] . However, the application of these approaches to study density fluctuations [13] , and transport properties [4] in quantum liquids has not been completely successful.
In this paper we show for the first time that analytic continuation methods can be used successfully to study the transport properties of a "realistic" liquid. We express the imaginary time velocity autocorrelation function, which is obtained from a suitable PIMC method [14] , in terms of a frequency dependent diffusion constant, and use the maximum entropy method to analytically continue the imaginary time data to real time and thus obtain the self-diffusion constant, and the velocity autocorrelation function. We use the method to study transport properties in fluid para-hydrogen at two thermodynamic state points: a liquid near the triple point at . The results are compared with experimental observations [15] , and with results obtained from a quantum mode-coupling theory [16, 17] .
The paper is structured as follows: In Sec. II we express the velocity autocorrelation function and the self-diffusion constant in a form suitable for the analytic continuation method. We also provide a working expression for the imaginary time velocity autocorrelation function amenable for path integral Monte Carlo (PIMC) simulation techniques. In Sec. III we describe the maximum entropy (MaxEnt) method [11, 18] used to perform the analytic continuation. In Sec. IV we apply the method to study the transport of liquid para-hydrogen. Sec. V concludes.
II. ANALYTIC CONTINUATION OF THE VELOCITY AUTOCORRELATION

FUNCTION
In this section we outline a convenient approach to obtain the velocity autocorrelation function and the self-diffusion constant which is suitable for the analytic continuation method. We start from the well-known Green-Kubo relation
where the real time velocity autocorrelation function is given by
(from now on we set 
The frequency dependent diffusion constant is analogous to the spectral density used in the analytic continuation of spectral line shapes [4, 5] and to the frequency dependent rate constant used in analytic continuation of the flux-flux correlation function [9] . By performing the replacement 
The reason for introducing the imaginary time velocity autocorrelation function is that, unlike its real time counterpart, it is straightforward to obtain it using an appropriate path-integral Monte Carlo simulation technique [19, 20] . The approach we adopt here to obtain 6 8 A is based on the method developed in Ref. [14] . The result to lowest order in ).
To obtain the frequency dependent diffusion constant and the real time velocity autocorrelation function one has to invert the integral equation (5) using an analytic continuation method. A specific choice is the MaxEnt method which is described in the next Section.
III. MAXIMUM ENTROPY NUMERICAL ANALYTIC CONTINUATION
The maximum entropy analytic continuation method described below is identical to the one used in our work on the reactive-flux analytic continuation method, and is outlined here for completeness. We seek to analytically continue the imaginary time velocity autocorrelation function given in Eq. (5). Since Recently, Bayesian ideas have been used to deal with the ill-posed nature of continuing the noisy imaginary time Monte Carlo data to real time [2, 3] . One of the most widely used approaches is the maximum entropy method [3, 18] . The method requires only that the transformation which relates the data and the solution be known. Furthermore, MaxEnt allows the inclusion of prior knowledge about the solution in a logically consistent fashion. As such, the method is well-suited for solving ill-posed mathematical problems.
For the purpose of the MaxEnt approach we rewrite the integral equation ( In Eq. (9), " is the information entropy, the form of which is axiomatically chosen to be
In this formulation the entropy is measured relative to a default model and thus to a closer fitting of the data. The principal drawback is that, along with the data, the errors would be fit as well.
In this study, we use a flat default map ( . This curve has a characteristic L-shape, and the corner of the L, or the point of maximum curvature, corresponds to the value of which is the best compromise between fitting the data and obtaining a smooth solution.
We employ a maximization algorithm due to Bryan [22] . which reduces the space in which the search for the solution is performed. The kernel is first factored using 
This exponential transformation is useful since it ensures the positivity of the solution.
IV. APPLICATION TO SELF-DIFFUSION OF LIQUID PARA-HYDROGEN
In this section we study the transport of liquid para-hydrogen using the above outlined analytic continuation method. Although it is known that liquid para-hydrogen may be treated as a Boltzmann particle near its triple point, [23] it still exhibits some of the hallmarks of a highly quantum liquid. In fact, recent neutron scattering experiments of Bermejo et al. [24] have uncovered the existence of collective excitations that are absent in the classical fluid. These quantum excitations are a precusor of some of the collective modes that exist in the superfluid state. The model potential we use to study liquid para-hydrogen is based on the Silvera-Goldman potential [25, 26] where the entire H 8 molecule is described as a spherical particle, so the potential depends only on the radial distance between particles. This potential has been used to study thermodynamic properties and phase equilibrium of fluid hydrogen [27, 28] . and has also been used to study transport [17, 29, 30] and density fluctuations [16, 31, 32] for liquid para-hydrogen. The Silvera-Goldman potential is given by In Fig. 2 we plot the frequency dependent diffusion constant for both state points 
V. CONCLUSIONS
In this paper we have presented a method to study transport properties in highly quantum liquids. We expressed the imaginary time velocity autocorrelation func-tion, which was obtained from a suitable PIMC method [14] , in terms of a frequency dependent diffusion constant, and used the maximum entropy method to obtain the self-diffusion constant, and the velocity autocorrelation function by analytically continuing the imaginary time data to real time.
The accuracy of the method was tested for liquid para-hydrogen at two thermodynamic state points. As far as we know, this is the first successful application of an analytic continuation method to the study of transport in a realistic liquid. We find that the self-diffusion constants are in good agreement with the experimental results for both thermodynamic state points. Furthermore, the agreement with transport coefficients obtained from the quantum mode-coupling theory [17] is excellent, indicating that any discrepancy found between the maximum entropy method and the experiments results from the approximated pair-potential used, and not from the dynamical method itself. We have also calculated the real time velocity autocorrelation function, and obtained excellent agreement with the results obtained from the quantum mode-coupling theory.
While detailed comparison between the maximum entropy analytic continuation approach and other methods is not the major goal of the present work, it should be noted that the approach taken here has some very attractive advantages. First, the method presented in this paper is systematic and accurate within the noise level of the numerical imaginary time input, and uncontrolled approximations which are typically made in other methods based on various semiclassical and mixed quantum/classical techniques, are not necessary here. Second, situations where the static distribution is not described by Boltzmann statistics can easily be handled within the present framework, since the additional complication of proper particle statistics may be absorbed into the PIMC calculation of the imaginary time input. Lastly, there are numerous possible improvements for our method. On one hand, more efficient sampling techniques are needed to reduce the noise level in the PIMC simulations. On the other hand, the numerical analytic continuation method used in this work is a very basic implementation of the maximum entropy method. We believe that considerable improvement to the numerical analytic continuation procedure can be achieved through a better utilisation of the maximum entropy procedure. For example, rather than using a flat default model, one could use a more informative one. Such a model could be obtained from approximate methods, such as a quantum mode-coupling approach [16, 17] . Evaluating the sensitivity of the solution to the default model would lead to an increased confidence in its validity. In addition, recently it was shown that combining short real time dynamical information with the imaginary time data can significantly improve the quality of the analytically continued results [10, 37, 38] . All of these issues will be the subject of future investigation. 
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